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IV. INTERACTION HAMILTONIAN -- COUPLING FIELDS AND CHARGES: 23 

To build a complete quantum picture of the interaction of matter and radiation our first and 
most critical task is to construct a reliable Lagrangian-Hamiltonian formulation of the 
problem. In this treatment, we will confine ourselves to a nonrelativistic view which, 
fortunately, is adequate for most circumstances. We start with a representation of the 
Lorentz force for a single charged particle ~ viz. 

f=^E + vxB} [IV-la] 
or in terms of the electromagnetic potentials 

f= ^- V(P-^ + vx(vxA) I [IV-lb] 

Let us now write the total time derivative of a component of the vector potential 



dt 

so that 



« v-V U+— ^ IV-2] 

dr^ dt dt ^ ' dt 



vx(VxA) = v(v- a)-(v-v)a = v(v-A)--^ + |^ [IV-3] 



Therefore, we may write the Lorentz force as 



Much of what follows draws heavily on material in Chapter 5 of Rodney Loudon's The Quantum Theory of 
Light (second edition), Oxford (1983). Marian O. Scully and M. Suhail Zubairy in Section 5.1 of Quantum 
Optics, Cambridge (1997) have a slightly different, but quite insightful treatment of the subject of the atom- 
field interaction Hamiltonian. 
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5 r 1 

We may also write ~ A = - — Up - Vg Ao 



so that Equation [ IV-4] becomes 



d d d [ I 1 J a r 1 2I 

= m — v„ = m 1 - Vr Vr 1= 1 - mv , 



[IV-5] 



which may, in turn, be written 



This last equation may now be compared to the Lagrangian equation of motion ~ i.e. 

^\^L(i,y)\-^L (i,y)= [IV-7a] 

where, in general, 

L (f , v) = [Kinetic Energy] - [Potential Energy] = {x:,y)-U (r, v) . [ lV-7b ] 
Therefore, we identify 

X(f,v)=^^mv'-^(p-v-A) j [IV-8] 

as the Lagrangian for a single charged particle. We may write 

(?, v) = -^X (?, v) v„+-^X {r,y) v„ [ IV-9a ] 

ar„ ' av„ 
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which, in light of Equation [ IV-8 ], becomes 



l-L (r,v) = (r,v) v„+-^i: (r,v) v„ 



[ IV-9b ] 



Therefore, 

V - — L (f , v)-X (f ,v) = A constant of motion [ IV-9c ] 

and, using the cannonically conjugate momenta associated Equation [ IV-8 ] ~ i.e. 

^a= (?>v)= mv„+^A„ -, [IV-10] 

ov 

we see that Equation [ rV-9c ] can be written 

- [^a - ? A J - ^ [ - ^ A J [ !P„ - ^ A J + qi?- 1 A„ - ^ A J ,,,,,,, 
m 2m m [IV-lla] 

= A constant of motion 

or finally 

1 r - - i2 

q(p+ — \'P-qA\ = A constant of motion . [IV-llb] 

We are now in a position to set forth the nonrelativistic Hamiltonian of a single 
charged particle ~ viz. 



y{ = q(p+ — \ ^ -qlY [IV-12] 
2m'- ■' 
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with the canonical conjugate variables given by 

^9-[ 1 

5(p 1 r 1 5 r i 

In principal, we are done, since we may now write the complete Hamiltonian for a many 
particle material system as 

^=L^, = LU,-9+^[2'>^a]' [IV-14] 



Unfortunately, this form of the Hamiltonian is not the most useful in optical physics since it 
is expressed in terms of the vector potential and needs to be evaluated at all charge 
positions. Most annoyingly, it does not yield an interaction term in the form used earlier - 
- i.e. Equation [ III-3a ] in the lecture set entitled The Interaction of Radiation and 
Matter: Semiclassical Theory. 

The Multipole Expansion of the Classical Hamiltonian: 

Before we manipulate the Hamiltonian further, we digress a bit to get a better fix on what 
we are really look for. From the most basic notions of electrostatics, the energy of 
interaction with an external transverse field should be expressible as the "energy of 
assembly" viz. 

\ ?=0 fj 

all C all C all C 

J E^(?) df=-1^^, J E^(f) df+1^^, J E^(f)-df [IV-15a] 



^■^ This is the work required to assemble the atom in the external field and of course ignore all inter-particle 
electrostatic interactions 
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which becomes for a neutral atom with charge centered at f = 

f/.t=£?, [IV-15b] 



Electric fields of interest vary only slightly over an atom so that we should be able to 
expand the external field in a rapidly converging series as follows 



E,(f) =E,(0) + (f- V) E,(f)^ + i(f. V)' E,(f)|_^^ + ... [IV-16] 



Substituting this expansion into Equation [ IV- 15b ] and integrating we obtain 



electrons 



u,u=-e L ir^yi+^,(rr^yj,(rrf + --]H^^^ [IV-17a] 

Formally, we may cast this expansion for the interaction energy in the form 

demons fexp(r. -Vj-l ^ , .. ^ 

In the continuum picture, the interaction energy should be expressible in the form 

fffEJf)-PmdV [IV-18] 



where P(r) is the polarization density. It may be shown quite easily that Equations 
[ IV-18 ] and [ IV- 17 ] are equivalent if the polarization density is expressed in the 
following 
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multipole expansion 

electrons 



p(f)=-e J2 {f-l/2!r(r- V)+l/3!r(r- vf +--j5(r-rj 



[IV- 19] 



With this background, we return to a consideration of the Hamiltonian in Equation 
[ IV- 14 ]. In what follows, we show that this Hamiltonian is transformed into a form 
which consistent with Equation [ IV- 17b ] if we make an appropriate gauge 
transformation of the fields. In general, the gauge transformation 



A.(r,t) =^ A(r,r)- V%(r,r) 
(p(r,f) ^ (p(r,?) + ^^ %(?,?) 



[ IV-20 ] 



where is an arbitrary scalar gauge function, leaves the electric and magnetic fields 

unchanged. Motivated by the discussion above, we choose the gauge function 

[ IV-21 ] 



ir,t)={l/e) A(F).p(F)dV' 



where P(r) is the polarization density in the form shown in Equation [ IV-19 ] and A(r) is 
the vector potential appearing in Equation [ IV- 14 ]. The impact of the transformation on 
the scalar potential term in Equation [ IV- 14 ] is easy to evaluate — viz. 



exp 



f V 



[ IV-22 ] 



Dealing with the transformation 
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A{r„t) ^ A(tO-(V^) jjjv,A(r).p(f)dV 



[ IV-23 ] 



is straightforward, but extremely tedious (and not very useful)! Substituting for P(f) 
from Equation [ IV- 19 ] and doing a lot of integrating by parts we could demonstrate that 



[ IV-24 ] 



Making use of these results, the complete Hamiltonian of a atom plus radiation field may be 
written 



2m 



L (w) J 



1 



[ IV-25 ] 



IL 



r.V 



J 



J 



In practical terms, the useful complete Hamiltonian is written 

= !}{ ^ + !H ^+[!H + ^ EQ-^ ^ MD-^ ^ Nl) 



[ IV-26a ] 



where 



= E "Pi "hrn- i e Y^a^v) +^-Ze (p(0) 



[ IV-26b ] 
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2JJJ KE/+|ioH']dy 

i 

^Ea=\eL v{ V] }=-V a- 



^Mo="-^L [I X 'P] .n{Q)='-^M . H(0) 



2m 



^ NL = 



8m 



L[^xH(0)]' 



[ IV-26C ] 
[ IV-26d ] 

[ IV-26e ] 

[IV-26f ] 

[IV-26g] 



If we take i" of the order of magnitude of the Bohr radius a-^, M of order h, and 
V ET(r)|__^ of order |k| |Et(0)| then we may estimate the three linear interaction terms^^ ~ 



VIZ. 



me 



^ EQ ~ Et(0) 



2) eh 
16 mc 



e h 



^Mz,-H(0)^ = E,(0) 

2m 2 mc 



Further we note that 



^ and ^ 



1 



ED 



ED 



4ne^hc 137 



25 We assume here that Hd} =h c k= e^jla^ = R^/2 
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